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Abstract: A Repairable system working in a fluctuating environment is considered. The transition rates are
arbitrary. The mathematically formulated problem is solved using the direct integration method for solving partial
differential equations. Expression for the reliability function and mean time to system failure are given. Four
special cases are discussed.
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1. INTRODUCTION

Many authors have discussed a number of systems under stable environmental conditions. In practice, we come across
situations where operating systems are subject to failure due to changes in environmental conditions. Due to this, the
system may not fail completely but may work in a reduced efficiency state. From this reduced working state, due to
further deterioration of environmental conditions, the system may go directly to the failed state or via a reduced working
state. If there is a repair facility, the system may be repaired partially or completely to go back to the operating state.
Examples of outdoor power systems and communication systems have bee discussed. In Ref (4)

In Ref (4) Three models (reparable and non-reparable) with constant failure and repair rates are considered and the
analysis is carried out using Laplace transforms. This paper discusses a more general case of a reparable system with
arbitrary repair and failure rates. It is now difficult to solve the problem using Laplace transforms. The problem is solved
using Lagrange’s method for partial differential equations. Expressions for the reliability function and mean time to
system failure (MTSF) are given for several cases.

2. ASSUMPTIONS AND NOTATIONS

(@  The system is working in a fluctuation environment resulting in four States : operating in normal state, operating
in, abnormal states with reduced efficiency, failed.

(b)  Failure, repair and environmental change over rates are arbitrary.

(c)  Arrepaired unit is as good as new.

O The system is operating in the normal environmental state.

@ . @ The system is operating in abnormal states. Environmental change over may take place from state 1 to 2
or2tol.

-
D

The failed state.
a; (y)  transition rate from normal working state “0” to abnormal state 1 : the transition occurs within the time interval
(y.y+dy), i=1.2
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pi (X)  transition rate from failed state to normal and abnormal states; the transition occurs within the time interval
(x,x+dx), i= 1,2

Ai(y)  the transition rate from working state to failed state 3, i=0,1,2

Bi (x)  the transition rate from abnormal state 1 to normal state, i= 1,2

as (y)  the transition rate from state 1 to state 2

Bs(y) the transition rate from state 2 to state 1

Po (t)  the probability that at time t the system is operating in the normal state

Pi (X,y,t) the probability that the system is in state, “i”” at time t ; the transitions occur within the time intervals (y,y+dy)
and (x,x+dx), 1,2,3

Limits of integration are from 0 to o
Following the above assumptions and notation, we obtain the transition diagram shown in fig 1.

3. MATHEMATICAL ANALYSIS

Probability consideration gives the following integro-differential equations (7) associated with the transition diagram

d
—+S Po(t) = S(t 1
at o () o(t) =S(H) 1)
a+6+3+S( )\P(x 1) = S; 4 5(x f)
"AOx ay ot e ) ok A i_+3 Yo bty
i=1,2 )
Fig. 1 Transition Diagram
G} 0 o
+ * + SS (X) P3 (Xny.':t): S6 (X’y’t)
ox oy ot 3

With initial and boundary conditions
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Po(0) = 1. otherwise zero
P; (x.¥.,0)= 0, i= 1.2.3 «“H
P; (0.y.0) — oy () Po(D)

-+ Iﬂ A1 (y) Py (xX.y.0) dx, i—=1.2 (&)

P3(O~.y:-t) — Yo (Y) PO (t)

2
1

K= 0 for i=1

Where

1 fori==2

2
So () =20 () + Z i (&)

1=1
2
S (t)j ZRi(x) Pux.y.t) | dx dy
1

+ Lo (X) Ps (X.y.0) dx dy
S; (M =0as () + B (X)) + A ()

S2(= TR + s ()

S:(x) = = 1y (%)
O

S4(X=y:~t) — O (.,V) PO (t) -+ [33 (X) PZ (X1y~.t)
-+ My (X) P3 (X-Y-t)
Ss(x.y.0) = o2 (¥) Po (O + a3 () Pi (X.y.0) + 12 (%) Ps (xX.y.0)

-

Sﬁ(x5y=t) - ;\-‘D (Y) PO (t) —+ Zl‘ ?'Vl' (Y) Pi (X-Y-t)

Using (5) and (6), Lagrange’s method for partial differential equations (8) yields the following solution for equations (2)
and (3):
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P (x.%.t) = |:J S 3 (x.v.t) exXp [J S d=x :l:lx
—+ b (=) j expP |:— J S5 D) d.x)j i—= 1.2.3 7D

Where ¢; (t) = P; (0,x,t) and S; (.) is replaced accordingly.

The solution of equation (1) [using (4)] is given by

Po () = Ei} S(0) exp (Sot) dt exp (-Sob). )

In the above analysis P3 (.) is obtained in terms of P (.), Py (.) and P, (.) while P, (.) is given in terms of P, (.) and P (.)
Thus P5 (.) is obtained in terms of P, (.) and P, (.) Substituting the values of P, (.) and P3 (.) in terms of Py (.) and Py (.),
equation (7) gives P, (.) in terms of Py (.). All the probabilities P; (.) (i=1,2,3) are thus obtained in terms of P, (.) which is
given by the integral equation (8).

The reliability function R (.) and mean time to system failure (MTSF) are given by

TRCt)H)r— P (t)H + EZ ;5 (x,y,t)] A= Axs
L 1
NI SEF — J = (t)y de.
AV SPECIAL CASES
Case | : Steady State
When t - oo, d/dt and o6/6t-0. Equations (1)-(3) reduce to
So (y) Po=S 9)
/‘
o o ‘
N . tSikxy) P; (x.y) =Si+3 (x.y). i=1.2 (10)
OxX oy
N
/“
o + 4  +8S; (x)W
P3 (X~Y) - SG (X~y)7 (1 l)
Ox oy
_ Y,

Where S, S4(.), Ss(.), Se(.) are independent of t.

Equations (10) and (11) have the following solution:
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P (x.3v) = [\/ Sz (D) exp (fi(.) dx) dx j

—+py (y—xﬂ exp EJ SiCD) dx),j i— 1.2.3 12>

Where ¢; (y) = P; (0y)
Arguing as in Section 3, all the probabilities Pi (), i =1,2,3, are obtained in terms of P, which can be obtained using the
normalizing

3
condition, i.e. the sum of all the probabilities is equal to one (ZPi () = 1)

The availability function A, is given by

>

Ay =P, + > P (xy) dx) | dy
1

Case Il

If the transition rates are constant, then replacing the transition rate parameters by constant parameters and solving (after
taking Laplace Transforms) we get the result reported in Ref. (4). In this case, the problem can easily be solved using the
foregoing method of Section 3.

Case 111

When the transition rates are constant, the steady state probabilities are given by (putting d/dt= 0 and solving the
equations:

Pi = Po Di/D, i= 1,2,3
Where ,

D = 555554~ Ao112S,-B3013S4-Baripy
-pa0tzAz+ AqSaps

D1= 03S3S4-aizhopotB30isSatAopzBs
+ pgoiphot Aoy Ss

D= 5,8, + kou254+a254+a3k1p2
+ Wyoigho-Ai0tolly

D3: 7\.082834‘7\.2(1282'[330{,37\‘04' 7»10L2B3
+ (Xz 7L2+ 7\.18253

All S are independent of X, y and t.

Using the normalizing condition (23, P;=1), we get

= —
P.—,—D/ E)+ = I, J
1

—

= 3
o~ — El 3 IDEASTD ] / E > DD]
1 1
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Case IV

If the system is non-reparable from the failed state, the various probabilities, reliability function availability and MTSF
are obtained by putting p;(x) = 0, i=1,2 in the foregoing results.

The analysis provides straightforward results for the system with arbitrary transition rates. The results are useful for
reliability engineers. Since the inversion of the probability Laplace transform is difficult, Lagrange’s integration method is
more suitable for the analysis of complex systems. Moreover, since there are advanced techniques available for solving
integral equations, the method is suitable for computing the results. The analysis may be extended to systems working
under a multiple environment.
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